UNIT II – DISCRETE ELEMENTS
EX.NO:1
One dimensional bar element shape function and stiffness matrix derivation
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Application of conditions represented by Equation 2.19 yields ap =1,

bo = 0 while Equation 2.20 results in a; = —(1/L) and b; = x/L. Therefore,
the interpolation functions are




[image: image3.png]Ni(x)=1—x/L
Ny(x) = x/L
and the continuous displacement function is represented by the discretization
u(x) = (1 — x/Lyuy + (x/L)us
As will be found most convenient subsequently, Equation can be expressed

in matrix form as

e =@ Ny} = N1t

where [N] is the row matrix of interpolation functions and {u} is the column
matrix (vector) of nodal displacements.
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normal strain &, = I

axial stress, oy = Ee;, = E

and the associated axial force is

AE
P=oA= T(Mz*ul)




[image: image5.png]Equations are expressed in matrix form as
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the stiffness matrix for the bar element is given by

AE[ 1 1
[k(]:T[A 1]





EX.NO:2
Derive the stiffness matrix for the truss element.
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which can be written in matrix form as
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where k., = AE/L is the characteristic axial stiffness of the element.
c=cosf,s =sinf
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EX.NO:3
[image: image13.png]Consider the thin (steel) plate in Fig, The plate has a uniform thickness 7 = (lo"i:

Young's modulus £ = 30 X 10° psj, ang weight density p = 0,283 Ib/in.". In addition

self-weight, the plate is subjected to a point loag P =1001b at its midpoint.

(a) Model the plate with two finite elements. g

(b) Write down expressions for the element stiffness matrices and element body
force vectors.

() Assemble the structural stiffness

(d) Using the elimination ap

(e) Evaluate the stresses in each elemen;,

(f) Determine the reaction force at the support,
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[image: image15.png]Solution
(a) Using two elements, each of 12 in. in length, we obtain the finite element model in
Fig. E3.3b. Nodes and elements are numbered as shown. Note that the area at the
midpoint of the plate in Fig. E3.3a is 4.5in? Consequently, the average area of
element 1 is A = (6 + 4.5/2 = 525in’ and the average area of element 2 is
A; = (45 + 3)/2 = 3.75in.". The boundary condition for this modelis @, = 0.

(b) we can write down expressions for the element stiffness matrices of
the two elements as

1 2.+ Global dot
oo 00 xsasl 1 1] 1
B 2

1z -1 1
and
2 3
oo 0x1Ex375[ 1 1] 2
- 12 -1 13
the element bady force vectors are
Ghbtldo'
p oS x12x028%6[1] 1
- 2 1 2
and
o 35X 1202836 11 2
2 1 3




[image: image16.png](c) The global stiffness matrix K is assembled from k' and k” as

1 2 3

525 -525 0 |1
=525 900 -375|2

0 -375 375)3

‘The externatly applied global load vector F s assembicd from ', >, and the point load
P = 1001b;as

_ 30 X 10%

K 12

89334
F=1153144 + 100
63810

(d) In the elimination approach, the stiffness matrix K is obtained by deleting rows and
columns corresponding (o fixed dofs. In this problem, dof 1 is fixed. Thus, K is ob-
tained by deleting the first row and column of the original K. Also. F is obtained by
deleting the first component of the original F. The resulting equations are

2 3
30000 900 -3757f0,| _ [us3144
12 375 315[les) T ) essw
Solution of these cquations yields
2 = 09272 X 107 in.

Qs = 09953 X 10Sin.
Thus, © = {0,09272 x 1009953 x 10 in.
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‘we obtain the stress in each element:

=30 X 10° X 5[~1 1]{2_”72 x 10"}
=2318psi
and
5= 30 X 100k 4[-1 1]{3:3?2 X :g:}
= L70psi
The reaction foree &, at node

Lis obtained from B, This calculation requites
the first row of K from par (.

)-Also, from part (¢}, note that the externally applied
load (due 10 the self-weight) at note 1 i F, = 86934 1 Thus,

30 % 108
R~ S50 525 )0 89334
09272 % 10"
09953 x 10.*
= -13061h
Evidently, the reaction is equal ang opposite o, the total downward load on ¢
plate.




EX.NO:4
[image: image18.png]Consider the bar shown in Fig. E3.4. An axial load P = 200 X 10° N is applied as shown.
Using the penalty zpproach for handling boundary conditions, do the following:

(2) Determinc the nodal displacements.
(b) Determine the stress in cach material.
(c) Determine the reaction forces

fe——300 mm ——sf+——400 mm —-‘

P
24— = -X
] 0] ’
Aluminum Steel
Ay= 2400 Ay= 600 mm*

E=70X10°Nm?  Ey= 200X 10° Nra?
FIGURE E3.4




[image: image19.png]Solution

(a) The element stiffness matrices are

1 2 = Global dof
o X0 X 20000 1 -1
- 300 -1 1
and
2 3
L 00X10 x 600 1 -1
400 -1 1
‘The structural stiffness matrix that is assembled from k' and k2 is
1 2 3
056 056 0

K=10° -056 08 —-030
0 -030 030

The global load vector is
F=[0, 200x 16", 0]

Now dofs 1 and 3 are fixed. When using the penalty approach. therefore, a large nua

ber C is added to the first and third diagonal elements of K. Choosing C based 00
Eq.  weget

C =[0.86 x 10 x 10*




[image: image20.png]‘Thus, the modified stiffness matrix is

860056 056 o
K=10% -05 08 -030
0 -030 360030
The finite clement equations are given by

360056 -0S6 o (g, 0

109 -056 086 =030 £ 0,3 =< 200 x 10°
0 -030 se030]| g, 0

which yields the solution

Q - [151432 x 10,

023257, 81127 % 16" mm
(b) The element stresscs
- 1 [-1 13151432 x 10
T =70 X 100 x |
' 30 023257
= 54.27TMPa




[image: image21.png]where 1 MPa = 10°N/m* = 1 N/mm? Also,

o 7 ez

400 81127 x 10°¢
= -11629 MPa
{c} The reaction forces arc obtained from
R =-CQ
= —[0.86 x 10%] X 151432 x 107
= -13023 X 10°

Also,
Ry =

CQs
[0.86 X 10°] X 8.1127 X 10°¢
= —69.77 X 1°N





EX.NO:5
[image: image22.png]An axialload P = 300 X 10°Nis g

pplicd at 20°C o the rod as shown in Fig. £3.8. The tem-
perature is then raised to 60°C.

(2) Assemble the K and F matrices.
(1) Determine the nodal displacernents and clemen stresses,

'—ZMmmﬂ‘L\mﬂm‘-[

3
Aluminum Steel
£, =70 % 10° Nim2 E; =200 x 109 Nym?
AL = 900 mm?

9= 23X 107 per’C

FIGURE €3.9




[image: image23.png]Solution
(a) The element stiffness matrices are

70X 10° X 900f 1 -1

.

R T
200 X 10° X 1206[ 1 —1

- 20X 10X 1200 [_1 l]N/mm

Thus,

315 315 ¢
K=107 -315 1115 -800 |N/mm
0 -0 80

Now, in assembling F, both temperature and point load effects have to be considered.
The element temperature forces due to AT = 40°C are obtained from

| Global dof
0‘=70x10’x900><23x10"‘x40{_11}; N
and

2

67 = 200 X 10° X 1200 X 11.7><1u*’x«1{'1‘}3 N

Upon assembling 0", 67, and the point load, we get

—57.96
F = 10°% 57.96 — 112.32 + 300
11232




[image: image24.png]or
F=100-5796, 24564, 112.32]'N

(b) The elimination approach will now be used to solve for the displacements. Since dofs
1 and 3 are fixcd, the first and third rows and columas of K, together with the first and
third companents of F, are deleted. This results in the scalar equation

10°[1115]0; = 10° x 245.64
yielding
0> = 0220mm
Thus,
Q=(0, 0220, O]'mm
In evaluating element stresses, we have to use Eq.3.105b:

,,:7"2’;010’[-1 1]{0;20}—70xm’x23x10“‘><w

= 12.60 MPa





[image: image25.png]and

200 x 10°
7= 0

= —240.27 MPa

[-1 1]{02020} — 200 X 10° X 11.7 X 10 % 40




EX.NO:6
[image: image26.png]Consider the four-bar truss shown in Fig. E4.1a. It is given that £ = 29.5 X 10°psi and
A, = 1in? for all elements. Complete the following:

(a) Determine the clement stiffness matrix for each element.

(b) Assemble the structural stiffncss matrix K for the entire truss.

(¢) Using the elimination approach, solve for the nodal displacement.

(d) Recover the stresses in each element.

(e) Calculate the reaction forces.
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FIGURE E4.1




[image: image29.png]‘we obtain the direction cosines table:

Element A ¢ m
1 % 1 [}
2 30 0 -1
3 50 08 0§
4 40 1 o

For example, the direction cosines of elements 3 are obtained as £ =
(3= %)/4, = (40~ 0)/50 = 08 and m = (35 — )4, = (30 — 0)/50 = 06.
Now, using Eg, 4.13, the element stiffncss matrices for cloment 1 can be written a5

12 3 4_<| Globaldof

10 -10]1
k‘=-——29‘54§106 00 oof2
-1 0 10| 3
00 0o0fa4

The global dofs associated with element 1, which is connected between nodes
1and 2, are indicated in k' earlier. These global dofs ate shown in Fig Ed.1a and as-
sist in assembling the various element stiffaess matrices

The clement stiffncss matrices of elements 2, 3, and 4 are as follows:
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[image: image31.png](b) The structural stiffness matrix K is now assembled from the element stiffness matrices.
By adding the clement stiffness contributions, noting the element connectivity, we get

1 2 3 4 5
2268 576 -~150 ¢ —7.68
576 432 [ 0 —5.76

-150 o 150 [ 0

o 0 0 200 0
—768 =576 0 0 2268
—576 -432 0 -200 576
o o 0 0 -15.0

0 0 o o 0

_295%10°

K 600

6
—5.76
—4.32

o
-20.0

576
2432
o
0

7
0

[
[
o
—15.
0
150
0

0

8
0
0
[}
0o
0
0
o

0

B v

() The structural stiffness matrix K given above needs to be modified to account for
the boundary conditions. The elimination approach discussed in Chapter 3 will be
used here. The rows 2nd columns coresponding 1o dofs 1,2, 4,7, and 8, which corre-
spond to fixed supports, are deleted from the K matrix. The reduced finite cloment

equations are given as

15 0 0 fe
0 2268 576 [ Qsp =
0 576 132]lQ,

Solution of these equations yiclds the displacements

29.5 X 17
600

<3 2712 X 10°
Q=] 565x107 }in
Qs —2225 % 10°

20000

o

=25 000




[image: image32.png]The nodal displacement vector for the entire structure can therefore be written as
Q =[0,0,27.12 X 10°,0,565 X 107%, ~2225 x 10 0,0{" in.
(d) The stress in each element can now be determined from Eq. 4.16, as shown below.

The connectivity of element 1s 1 - 2, Consequently, the nodal displace-
ment vector for elesment 1 i given by q = [0,0,27.12 x 10,0,

0
295 x 10° 0
I L | PP
0
= 200000 psi
‘The stress in member 2 s given by
5.65 X 107
29.5 X 10° 2225 x 107
- 019 - -
a2 % o - +27.12 x 107
0

= -21880.0psi




[image: image33.png]Following similar steps, we get
@y = ~52080psi

4 = 4167.0psi

(€) The final step is to determine the support reactions. We need to determine the reac-
tion forces along dofs 1,2, 4, 7, and 8, which correspond to fixed supports These are
obtained by substituting for Q into the original finitc clement equation R = KQ — F.
In this substitution, only those rows of K corresponding to the support dofs are need-
ed,and F = O for these dofs. Thus, we have

3 2268 576
Rl oy qf| 576 432
Rip=ag {0 20
R, [
Ry [

which results in

-150
0

0
o
[

R,
R
Ry

0
0
200

°

0

0
-768 =576 0 0 s
& - s
s a0 0| PRI
9 7200 0 OR sesxi00
-5 0 150 of| SR
0 o 0 0 N
0
0
—15833.0
31260
21879.0 b
—4167.0
0




EX.NO:7
[image: image34.png]To illustrate how we can combine spring and bar elements in one structure, we now
solve the two-bar truss supported by a spring shown in Figure 3-16. Both bars have
E =210 GPa and 4 = 5.0 x 10-*m?. Bar one has a length of 5 m and bar two a
length of 10 m. The spring stiffness is k = 2000 kN/m.

k=2000 kN/m

4
777777

Figure 3-16 Two-bar truss with spring support

‘We begin by using Eq. 1o determine each element stiffness matrix.




[image: image35.png]Element 1
o0 =135,  cosfV = —v2/2,  sin6V =v2/2

0.5 05 —05 05
L (50X1074m?)(210 x 10°kN/m?) | 0.5 0.5 0.5 05
= 5m —05 05 05 05

0.5 05 —05 05

Simplifying Eq. we obtain

KV =105x 105~




[image: image36.png]Element 2

0% = 180°,

o (X104 m)(210 < 10° KN/

Simplifying Eq.

0m
we obtain
kK =105 x 10°

0

cooo

cosf? = —1.0,

sind® =0

0
0
0

c oo o

-1
0
1
0

cooo




[image: image37.png]Element 3

09 =270°,  cost#P =0, sind® =10

Using Eq. ., but replacing AE/L with the spring constant &, we obtain the stiff-
ness matrix of the spring as
0 0 0 0
0 1 0 -1
3) =
k3 =20 x 10° 0 0 0 o
0 -1 0 1

Applying the boundary conditions, we have

oy = doy = di = diy = day = dyy = 0




[image: image38.png]Using the boundary conditions in Eq. the reduced assembled global equa-

tions are given by:
_ 210 —105] f dix
} = '05[7105 lzs} {d.,}

Solving Eq. for the global displacements, we obtain

diy=—1724x10"m  djy=-3.448x10°m

We can obtain the stresses in the bar clements by using Eq. | as
5 —1724 x 102
5 B s
o Z 20X MCOMN/ (0 o707 _g.707 0707 —3H8 X 10
Sm 0
0
Simplifying, we obtain
oV = 51.2MPa(T)
Similarly, we obtain the stress in element two as
. 5 —1724 % 107
2 B s
oo ZHOXIOCMN/T oy ) 344810
om 0
0

Simplifying, we obtain
¥ = —36.2MPa(C)




EX.NO:8
[image: image39.png]Using two equal-length finite clements, determine the natural circular frequencies of the
solid circular shaft fixed at one end shown in Figure

u Solution
‘The elements and node numbers are shown in Figure ‘The characteristic stiffness of
each element is

AE  2AE

L2 L

5o that the element stiffness matrices are
24E[ 1 -1

W] _ [
1= 1] L[fl |]

The mass of each element is

pAL
m="22=

2

and the clement consistent mass matrices are.

0 _pAL[2 1]
] Tl o2

AE

S —

(@)





[image: image40.png]Following the direct assembly procedure, the global stiffness matrix is
1 -1 0
K]= 24E 2 -1
T 1

and the global consistent mass matrix is




[image: image41.png]The global equations of motion are then

par[2 VO[O e[t O] 0
L S R LA S
o1 2]lg, 0 1 o 0

Applying the constraint condition Uy = 0, we have

g B A R P R

as the homogeneous equations governing free vibration. For convenience, the last equa-
tion is rewritten as
LBE[2 —fee] _fo
pL2[-1 1 us| o

[l
1 2]l
Us = Assin(t + ) Us = Assin(ol + $)

Assuming sinusoidal responses

differentiating twice and substituting results in

4 1[4 #E[ 2 —1][aA 0
7"'2[1 2]{A }sm(mt+¢)+p? | ]lAi}sin(mH@:{o}

Again, we obtain a set of homogeneous algebraic equations that have nontrivial solutions
only if the determinant of the coefficient matrix is zero. Letting X = 24E/p L2, the
frequency equation is given by the determinant
M —d0? —A—o?
- N-20?





[image: image42.png]which, when expanded and simplified, is
7o' = 10h? + X =0
Treating the frequency equation as a quadratic in ?, the roots are obtained as
©f = 01082\ o} = 1.3204)
Substituting for \. the natural circular frequencies are
L6l [E 5.629

0 = — @ = === rad/sec
L\ L\





EX.NO9[image: image43.png]For the two-dimensional loaded plate shown in Fig.
nodes 1 and 2 and the element stresses using plane
neglected in comparison with the extemal forces.

AN\

y 100016

E5.6, determine the displacements of
stress conditions. Body force may be

FIGURE ES.6

‘Thickriess 7 = 0.5 in.,
£ =30 X 10 psi,v = 0.25




[image: image44.png]Solution  For plane stress conditions, the material property matrix is given by

g 32x 10" 08 x 10" o
1=v]= 08 x 107 32 x 107 0
90 —— 0 0 12 % 107

Using the local numbering pattern nsed in Fig. ES.3, we establish the connectivity as
follows:

Nodes
Element No. 1 2 3
i 1 2 4
2 3 4 2





[image: image45.png]On performing the matrix multiplication DB, we get
[1.067 —04 0 04 -1067 u:[

DB' =107 0267 —16 0 16 —0267 0
-06 04 06 0 o ~04

DB? =10 -0267 16 0 —L6 0267 0
06 -—04 -06 0 0 04

Those two relationships wil be used later in calculating strosscs using o* = DB"g. The mul-
tiplication ¢, A,B' DB gives the element stiffness matrices,

1 2 3 4 7 5*_ Global dof
[0983 -05 —045 02 -0.53 03
14 03 -12 02 -02

aad [—1.067 04 0 -04 1067 o]

k' = 107] 045 0 0 -03
12 -2 o0
Symmetric 0533 0
02 |

5 6 7 8 3 4« Global dof
[0983 —05 —045 02 -0533 03
14 03 -12 02

K =10 045 0 o 3
12 ~02 [
Symmetric 0533 0





[image: image46.png]In the previous element matrices, the global dof associatioa is shown on top. In the
problem under consideration, Q;, Os, Us, 07, and Qs are all zero. Using the elimination ap-
proach discussed in Chapter 3, it is now sufficient to consider the stiffnesses associated with

the degrees of freedom Q,, 0, and Q. Since the body forces are neglected, the first vector
has the component F, = —1000 b, The set of equationsis giver by the matrix representation

0983 —045 020 0
10 —045 0383 0 {Qp={ ©
02 o 14]lo, -1000




[image: image47.png]Solving for 0y, Oy, and O, we get
Q= 1913 x 105, @, =0875 X 10%in. @, = —7436 X 10~in.
For element 1, the element nodal displacement vector is given by
o' = 107[1.913,0,0.875, ~7.436,0,0]7

The element stresses o are calculated from DB'q as

o' = [-933, 11387, -623]  psi
Similarly,

o = 10°[0,0,0,0,0.875, —7.436]

o' = [934,234,-297.4) psi




[image: image48.png]Consider the two-dimensional loaded plate shown in Fig. E5.6. In addition to the condi-
tions defined in Example 5.6, there is an increase in temperature of the plate of 80°F. The
cocfficient of linear expansion of the material a is 7 X 10°%/°F. Determine the additional
displacements due to temperature. Also, calculate the stresses in element 1.




[image: image49.png]Solution We have a = 7 X 107%/°Fand AT = 80°F.So

aAT 56
& = | aAT | =107 56
[ o

Thickness ¢ equals 0.5, and the area of the element A is 3in The element temperature loads are:
o' = 1A(DB!) ¢,
where DB! is calculated in the solution of Example 5.5. On evaluation, we get
(69" = (11206 ~16800 O 16800 —11206 O]F
with associated dofs 1,2,3,4,7,8,and
(677 = [-11206 16800 O -16800 11206 0]

with associated dofs 5,6,7,8,3,and 4.
Picking the forces for dofs 1,3, and 4 from the previous equations, we have

F'=(R F F]=[11206 11206 16800)

On solving KQ = F, we get
(0 0 @=[182X107 1992x10° 0934 X 107)in

The displacements of element 1 due to temperature are
g =[1862 X 10° 0 1992 X 10 0934 x 107 ¢ of




[image: image50.png]The stresses are calculated using Eq. 5.68 as
o' = (DBY)'¢' - De
On substituting for the terms on the right-hand side, we get
ol = 101204 2484 078 psi




EX.NO:10
[image: image51.png](Stress analysis of a stepped bar) Find the stresses induced in the axially
loaded stepped bar shown in Figure 1.6(a). The bar has cross-sectional areas of A" and
A@ over the lengths 'Y and I'®, respectively. Assume the following data: A") =2 cm?,
A® —1em? 1Y =1 =10 em; EY = E®) 2107 N/em®; Ps=1N.





[image: image52.png]



[image: image53.png]Assembly of element stiffness matrices and element load vectors

This step includes the assembly of element stiffness matrices [K(*)] and element load

vectors P(©) to obtain the overall or global equilibrium equations. Equation (E11) can be
rewritten as

=0
@,

where [] is the assembled or global stiffness matrix = ¥2_, [K)], and & = { @2 3 is the
By

vector of global displacements. For the data given, the element, matrices would bé

By @y
AW EQ
K] = Z— wﬁ[ 1 7] ®,
—4 4| @,
B B
ADE@
K® =2

@




[image: image54.png]D By Py
4 -4 0] @

0
EI=10) 4 yyn o] @y
0 -2 2 a4

2 -2 0

=2x10°|-2 3 -1

0 -1 1

The overall or global load vector can be written as

n) (A
py={0
Py 1





[image: image55.png]where Pi denotes the reaction at node 1. Thus, the overall equilibrium equations,

2 -2 0] (& P
2x10°|-2 3 —1|{dp =40
0 -1 1 b3 1




[image: image56.png]This is because we have not incorporated the known geometric boundary
condition, namely &, = 0. We can incorporate this by setting ®; = 0 or by deleting the
row and column corresponding to ®1 in Eq. (Exg). The final equilibrium equations can be
written as

or




[image: image57.png]The solution of Eq gives

©,=025x10"°cm and &3 =0.75x 10" em

Element strains and stresses
Once the displacements are computed, the strains in the clements can be found as

3 - _ @@

) L
© 0 ™

=29 for cloment 1= =025x107"
o

o o) _ by d,

_ -
™ @ = 080x10

and <=2 o cloment 2 =
o
The stresses in the clements are given by
oM = EWe® = (2 x 107)(0.25 x 1077) = 0.5 N/cm®

and o® = EP@ = (2 x 107)(0.50 x 1077) = 1.0 N/em®




EX.NO:11
Find the natural frequencies of longitudinal vibration of the constrained stepped bar shown in Figure
[image: image58.png]Element 1
)

Element 2
AP A

o,




[image: image59.png]Solution Since the left end of the bar is fixed, Q1 = 0 and this degree of freedom has
to be eliminated from the stiffness and mass matrices of Eqs. (E1) and (E2) of Example
12.1 to find the natural frequencies. This amounts to eliminating the rigid-body mode of
the structure. For this, we delete the row and column corresponding to Q1 from Eqs. (E1)
and (E2) of Example 12.1 and write the frequency equation as

24E[ 3 1] _pAL&’ [6 1 (E)
L [-1 1 2 (12 '
Equation (E1) can be rewritten as
31-26%) (145
- B
[ 2675 (F2)
The solution of Eq. (E2) is given by
- TV g7
11
or
w = 1985, /pm and =515\ (Es)
The mode shapes corresponding to these natural frequencies can be found by solving the
equation
24E [ 3 1] pALi[6 1775 _
[L[ 1]’ = 1o |%T (B9
as
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Thus, the [M]-orthogonal mode shapes of the stepped bar corresponding to w; and w are
respectively given by
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